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Fold singularities of the maps associated with
Milnor fibrations for mixed polynomials
Daiki Sumida
Abstract
Milnor fibrations were extended byMutsuo Oka for certain mixed poly-
nomial. In this paper, we study singular points of differentiable maps into
the 2-dimensional torus, called Milnor fibration product maps, obtained
by several Milnor fibrations for mixed polynomial. We give a characteri-
zation of singular points of such product maps, and for the case of certain
polar weighted homogeneous polynomials, a criterion for a fold singular
point.
1 Introduction
Let Sε be the sphere centered at the origin with radius ε > 0, let Kf be the
intersection of the sphere Sε and the complex hypersurface f
−1(0) where f is
an n variable complex polynomial (resp. Kg, Kfg). Then
φf =
f
|f |
: Sε \Kf → S
1
is a locally trivial fibration which is called Milnor fibration for sufficiently small
radius ε. Under the theory of Milnor fibration, we studied the singularity of
the C∞ maps which is called Milnor fibration product map (MFPM for short)
defined by
Φ =
(
f
|f |
,
g
|g|
)
: Sε \Kfg → S
1 × S1 = T 2
in our doctoral report. Especially, we gave a necessary and sufficient condition
for a point to be a singular point of the Milnor fibration product map and more-
over gave a necessary and sufficient condition for a singular point of the Milnor
fibration product map to be a fold point about certain weighted homogeneous
polynomials f and g.
In this paper, we could extend from the result about the singularity of the
Milnor fibration product map for complex polynomials to it for mixed polynomi-
als to use similarly technique in the original result. At first we give a necessary
and sufficient condition for a point to be a singular point of the Milnor fibration
product map associated with mixed polynomials f and g in general (Proposition
1
3.2). Next we refine this condition in certain polar weighted homogeneous poly-
nomials f and g (Proposition 3.3). Mutsuo Oka gave a necessary condition for a
mixed polynomial f , φf : Sε \Kf → S1 become a fibration for sufficiently small
radius ε like Milnor fibration with complex polynomial f . But for generally
mixed polynomial f , φf : Sε \Kf → S
1 may not become fibration. In the case
of polar weighted homogeneous polynomials f and g such that φf : Sε\Kf → S1
and φg : Sε \ Kg → S1 are fibrations (which include the case that Oka gave),
we give a necessary and sufficient condition for a singular point of the Milnor
fibration product map associated with f and g to be a fold point (Theorem 3.4).
This theorem is main result in this paper.
2 Preliminaries
2.1 Notation
At first, we let some definitions as Oka [4].
Definition 2.1. We consider a complex polynomial f(z, z) =
∑
ν,µ cν,µz
νzµ
where z = (z1, . . . , zn) , z = (z1, . . . , zn) , z
ν = zν11 · · · z
νn
n for ν = (ν1, . . . , νn),
zµ = z1
µ1 · · · zn
µn for µ = (µ1, . . . , µn). We call f(z, z) a mixed polynomial
of n variables z1, . . . , zn. Let w = (w1, . . . , wn) be a integer vector satisfying
gcd(w1, . . . , wn) = 1, let M be a non-zero monomial defined by M = cν,µz
νzµ
and let d be a positive integer. Put rdegwM =
∑n
j=1 wj(νj + µj) and put
pdegwM =
∑n
j=1 wj(νj −µj). A polynomial f(z, z) is called a radially weighted
homogeneous polynomial with type (w; d) if rdegwM = d for every non-zero
monomial M of f(z, z). The vector w is called the radial weight vector, d is
called radial degree. Respectively a polynomial f(z, z) is called a polar weighted
homogeneous polynomial with type (w; d) if pdegwM = d for every non-zero
monomialM of f(z, z). The vector w is called the polar weight vector, d is called
polar degree. Note that f(z, z) be a polar weighted homogeneous polynomial
with type (w; d) if and only if we have
f
(
λw1z1, . . . , λ
wnzn, λ
w1
z1, . . . , λ
wn
zn
)
= λdf (z, z) , λ ∈ C, |λ| = 1.
In this paper, we use the following notations.
Definition 2.2. For a holomorphic function h of z1, . . . , zn, z1, . . . , zn, we define
dh =
(
∂h
∂z1
, . . . ,
∂h
∂zn
)
, dh =
(
∂h
∂z1
, . . . ,
∂h
∂zn
)
,
Hα,β(h) =
(
∂2h
∂αj∂βk
)
j,k
, Hα,βp (h) = lim
z→p
Hα,β(h),
vh(z) = i(d log h− d log h)(z, z).
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Definition 2.3. Let O be the origin, let tV be the transposed matrix of V , let
V be the complex conjugate matrix of V , let ReV be the real part matrix of V ,
let Km∗ = Km \ {O} for K = R or C, let R+m = [0,∞)m. We denote 〈·, ·〉 the
Hermitian inner product.
2.2 Milnor fibration for mixed polynomial
In this subsection, we introduce some results about Milnor fibration for mixed
polynomial. We agree with the definition of Oka [4].
Definition 2.4. Let Sε be the sphere defined by Sε = {z ∈ Cn | ‖z‖ = ε}, let
f(z, z) be a mixed polynomial with O ∈ f−1(0), let Kf be the intersection of
the sphere Sε and the mixed hypersurface f
−1(0), let φf be a map defined by
φf = f/|f | : Sε \Kf → S1.
Oka gave a necessary and sufficient condition for a point to be a critical
point of the map φf .
Lemma 2.5. A point p ∈ Sε\Kf is a singular point of φf if and only if p, vf (p)
are linearly dependent over R.
Moreover, Oka decide a necessary condition for a mixed polynomial f , φf :
Sε \Kf → S1 becomes a fibration to use Newton boundary.
Definition 2.6 (Newton boundary of a mixed polynomial). For a mixed poly-
nomial f(z, z) =
∑
ν,µ cν,µz
νzµ, the radial Newton polygon (Newton polygon for
short) Γ+(f ; z, z) of a mixed polynomial f(z, z) which is defined by the convex
hull of
⋃
cν,µ 6=0
(ν + µ) + R+n.
The Newton boundary Γ (f ; z, z) is defined by the union of compact faces of
Γ+ (f ; z, z). For a given positive integer vector w = (w1, . . . , wn), we associate
a linear function ℓw on Γ(f) defined by ℓw (ν) =
∑n
j=1 wjνj for ν ∈ Γ(f) and let
∆ (w, f) = ∆ (w) be the face where ℓw takes its minimal value. We denote by N
the set of integer weight vectors and denote a vector w ∈ N by a column vectors.
We denote by N+, N++ the subset of positive or strictly positive weight vectors
respectively. Thus w = t(w1, . . . , wn) ∈ N
++ (respectively w ∈ N+) if and only
if wi > 0 (respectively wi ≥ 0) for any i = 1, . . . , n. Let
d(w) = d (w; f) = min { rdegwz
νzµ | cν,µ 6= 0} .
For a positive weight w, we define the face function fw(z, z) by
fw (z, z) =
∑
ν+µ∈∆(w)
cν,µz
νzµ.
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Definition 2.7 (Non-degenerate mixed polynomial). For w ∈ N++, the face
function fw(z, z) is a radially weighted homogeneous polynomial of type (w; d)
with d = d(w; f). Let w be a strictly positive weight vector. We say that f(z, z)
is non-degenerate for w, if the fiber f−1w (0) ∩ C
∗n contains no critical point of
the mapping fw : C
∗n → C. We say that f(z, z) is strongly non-degenerate for w
if the mapping fw : C
∗n → C has no critical points. If dim∆ (w) ≥ 1, we further
assume that fw : C
∗n → C is surjective onto C. A mixed polynomial f(z, z)
is called non-degenerate (respectively strongly non-degenerate) if f(z, z) is non-
degenerate (respectively strongly non-degenerate) for any strictly positive weight
vector w. We say that a mixed polynomial f(z, z) is a true non-degenerate
function if it satisfies further the non-emptiness condition:
(NE) : ∀w ∈ N++ with dim∆(w, f) ≥ 1, the fiber f−1w (0) ∩ C
∗n 6= ∅.
Remark. Assume that f(z) is a holomorphic function. Then fw(z) is a weighted
homogeneous polynomial and we have the Euler equality:
d (w; f) fw (z) =
n∑
j=1
wjzj
∂fw
∂zj
(z) .
Therefore fw : C
∗n → C has no critical point over C∗. Thus f(z, z) is non-
degenerate for w implies f(z, z) is strongly non-degenerate for w. This is also
the case if fw(z, z) is a polar weighted homogeneous polynomial.
At last, we give a class of mixed polynomial.
Definition 2.8. We call a mixed polynomial f(z, z) good if there exists a posi-
tive number ε0 such that for every ε with 0 < ε ≤ ε, φf = f/|f | : Sε \Kf → S1
has no singular point. Note that the strongly non-degenerate mixed polynomi-
als is an example of good mixed polynomial. For a good mixed polynomial and
sufficiently small radius ε, φf = f/|f | : Sε \Kf → S1 becomes a fibration which
is called Milnor fibration and every fiber is called Milnor fiber.
3 Results
In this section, we give new results for the singularities of the Milnor fibration
product map for mixed polynomial.
Definition 3.1. Let f, g be mixed polynomials. We call Φ = (f/|f |, g/|g|) :
Sε \Kfg → T 2 Milnor fibration product map associated with f, g.
Proposition 3.2. A point p ∈ Sε \ Kfg is a singular point of the Milnor
fibration product map Φ associated with f, g if and only if p, vf (p), vg(p) are
linearly dependent over R.
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Proof. For a real analytic curve c : (−δ, δ) → Sε \ Kfg with c(0) = p and the
tangent vector vc = dc/dt|t=0, we have
d
dt
φf (c(t))
∣∣∣∣
t=0
=
d
dt
exp
(
iRe
(
−i log f
(
c (t) , c (t)
)))∣∣∣∣
t=0
= i
d
dt
Re
(
−i log f
(
c (t) , c (t)
))∣∣∣∣
t=0
f(p, p)
|f(p, p)|
= iRe
〈
vc, i
(
d log f − d log f
)
(p, p)
〉 f(p, p)
|f(p, p)|
(respectively dφg(c(t))/dt|t=0). Moreover for v ∈ Tp (Sε \Kfg), we obtain
dpΦ(v) =
(
iRe 〈v, vf (p)〉
f(p, p)
|f(p, p)|
, iRe 〈v, vg(p)〉
g(p, p)
|g(p, p)|
)
.
Therefore it follows that p is a singular point of Φ if and only if there exists
(β, γ) ∈ R2∗ such that for any v ∈ Tp (Sε \Kfg), it follows that
Re 〈v, βvf (p) + γvg(p)〉 = βRe 〈v, vf (p)〉+ γRe 〈v, γvg(p)〉 = 0.
Hence we have p, vf (p), vg(p) are linearly dependent over R.
Conversely if p, vf (p), vg(p) are linearly dependent over R, then there exists
(β, γ) ∈ R2∗ such that for every v ∈ Tp (Sε \Kfg), it follows that βRe 〈v, vf (p)〉+
γRe 〈v, vg(p)〉 = 0. With the above, we have the desired conclusion.
Proposition 3.3. Let f, g be polar weighted homogeneous polynomials with type
(wf ; df ), (wg; dg) respectively. Suppose that wf is a strictly positive vector or a
strictly negative vector (respectively wg) and dgwf = sdfwg. A point p is a
singular point of the Milnor fibration product map Φ associated with f, g if and
only if vf (p), vg(p) are linearly dependent over C.
Proof. Let hf,t, hg,t : Sε \Kfg → Sε \Kfg be the diffeomorphisms defined by
hf,t (z) =
(
z1 exp
(
iwf,1t
df
)
, . . . , zn exp
(
iwf,nt
df
))
,
hg,t (z) =
(
z1 exp
(
iwg,1t
dg
)
, . . . , zn exp
(
iwg,nt
dg
))
where wf = (wf,1, . . . , wf,n), wg = (wg,1, . . . , wg,n). Note that hg,st = hf,t. For
a singular point p of Φ, let (α, β, γ) ∈ R3∗ be a vector satisfying
αp+ βvf (p) + γvg(p) = 0. (3.1)
Let v(p) be the tangent vector defined by v(p) = dhf,t(p)/dt|t=0. Then we have
−i 〈v(p), p〉 =
1
df
n∑
j=1
wf,j |pj |
2
≷ 0,
〈v(p), vf (p)〉 = 1, 〈v(p), vg(p)〉 = s
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since
〈v(p), vf (p)〉 =
d
dt
(
−i log f
(
hf,t(p), hf,t(p)
))∣∣∣∣
t=0
=
d
dt
(
−i log
(
eitf(p, p)
))∣∣∣∣
t=0
= 1,
〈v(p), vg(p)〉 =
d
dt
(
−i log g
(
hf,t(p), hf,t(p)
))∣∣∣∣
t=0
=
d
dt
(
−i log g
(
hg,st(p), hg,st(p)
))∣∣∣∣
t=0
=
d
dt
(
−i log
(
eistg(p, p)
))∣∣∣∣
t=0
= s.
From the equation (3.1), we have the following equation
iα
df
n∑
j=1
wf,j |pj |
2 + β + γs
= α 〈v(p), p〉+ β 〈v(p), vf (p)〉+ γ 〈v(p), vg(p)〉
= 〈v(p), αp+ βvf (p) + γvg(p)〉 = 0,
moreover these follow that α = 0, γ = −βs by comparing the real parts and
the imaginary parts of both sides of the equation. Therefore we have that
vf (p), vg(p) are linearly dependent over C.
Conversely, let (β′, γ′) ∈ C2∗ be a vector satisfying β′vf (p) + γ
′vg(p) = 0.
From this equation, we have
β′ + γ′s = β′ 〈vf (p), v(p)〉 + γ
′ 〈vg(p), v(p)〉
= 〈β′vf (p) + γ
′vg(p), v(p)〉 = 0,
moreover we have β′ = −γ′s 6= 0. Therefore βvf (p) + γvg(p) = 0 holds for
(β, γ) = γ′(β′, γ′) = (−|γ′|2s, |γ′|2) ∈ R2∗. This equation says that vf (p), vg(p)
are linearly dependent over R, in other words p is a singular point of Φ. With
the above, we have the desired conclusion.
Theorem 3.4. Assuming as in Proposition 3.3 and suppose that polynomials
f, g are good. A singular point p of Φ is a fold point of Φ if and only if the
matrix Mp(V ):
Re
(
tV Hz,zp (−i (log g − s log f))V
)
+ Re
(
tV Hz,zp (−i (log g − s log f))V
)
+ Re
(
tV Hz,zp (−i (log g − s log f))V
)
+ Re
(
tV Hz,zp (−i (log g − s log f))V
)
is a regular matrix where V = (tv1, . . . ,
tv2n−2) is an n×(2n−2)matrix such that
{v1, . . . , v2n−2} is a real basis of TpFf = {v ∈ Cn |Re 〈v, p〉 = Re 〈v, vf (p)〉 = 0}.
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Proof. Suppose that the radius ε satisfies φf has no singular points. Then we
have everyMilnor fiber is a real (2n−2) dimensional manifold. Let (x1, . . . , x2n−1)
be a local coordinates of Sε \Kf around p such that (x1, . . . , x2n−2) be a local
coordinate of Ff around p. Then we have that p ∈ Sε \Kfg with p ∈ Ff is a
fold point of Φ if and only if p is a non-degenerate critical point of argument
map Re (−i (log g − s log f)) on Ff as [5]. Let p be a singular point of Φ and let
(x1, . . . , x2n−2) be a local coordinates of Ff around p. We have
∂2
∂xc∂xd
Re (−i (log g − s log f))
=
∂
∂xd
Re
〈
∂z
∂xc
, vg − svf
〉
= Re
〈
∂2z
∂xc∂xd
, vg − svf
〉
+Re
〈
∂z
∂xc
,
∂
∂xd
(vg − svf )
〉
.
Note that vg − svf vanishes at every singular point of Φ. We get
vg − svf = i
(
d log g − d log g
)
− si
(
d log f − d log f
)
= id (log g − s log f)− id (log g − s log f) ,
vg − svf = −id (log g − s log f) + id(log g − s log f)
= d(−i (log g − s log f) + i(log g − s log f))
since dh = dh for a holomorphic function h.
Moreover it follows that
Re
〈
∂z
∂xc
,
∂
∂xd
(vg − svf )
〉
= Re
n∑
a=1
∂za
∂xc
n∑
b=1
(
∂zb
∂xd
∂
∂zb
+
∂zb
∂xd
∂
∂zb
)
∂
∂za
(−i (log g − s log f))
+ Re
n∑
a=1
∂za
∂xc
n∑
b=1
(
∂zb
∂xd
∂
∂zb
+
∂zb
∂xd
∂
∂zb
)
∂
∂za
(
i(log g − s log f)
)
= Re
n∑
a=1
n∑
b=1
(
∂za
∂xc
∂zb
∂xd
∂2
∂za∂zb
+
∂za
∂xc
∂zb
∂xd
∂2
∂za∂zb
)
(−i (log g − s log f))
+ Re
n∑
a=1
n∑
b=1
(
∂za
∂xc
∂zb
∂xd
∂2
∂za∂zb
+
∂za
∂xc
∂zb
∂xd
∂2
∂za∂zb
)(
i(log g − s log f)
)
= Re
n∑
a=1
n∑
b=1
(
∂za
∂xc
∂zb
∂xd
∂2
∂za∂zb
+
∂za
∂xc
∂zb
∂xd
∂2
∂za∂zb
)
(−i (log g − s log f))
+ Re
n∑
a=1
n∑
b=1
(
∂za
∂xc
∂zb
∂xd
∂2
∂za∂zb
+
∂za
∂xc
∂zb
∂xd
∂2
∂za∂zb
)
(−i (log g − s log f)) .
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Therefore we have
(
∂2
∂xc∂xd
Re (−i (log g − s log f)) (0)
)2n−2
c,d=1
=Mp(V0)
where V0 = (∂zj/∂xk(0))j,k is a full rank n × (2n − 2) matrix. For every
local coordinates (x1, . . . , x2n−2), the rank of this Hessian matrix is constant.
Therefore, for every real basis {v1, . . . , v2n−2} of TpFf and V = (v1, . . . , v2n−2),
the rank of Mp(V ) is constant. We have desired conclusion.
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